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ABSTRACT

Assoc ia ted  w i th  the  se t  S  o f  P iso t  numbers  is  a  se t  C o f  ra t iona l

funct ions which are bounded in modulus by I  on the unit  c irc le,  and have

a  s i n g l e  p o l e  i n s i d e  t h e  c i r c l e  a t  t h e  r e c i p r o c a l  o f  a  P i s o t  n u n b e r .

Duf resnoy  and P iso t  in t roduced an  a lgor i thm,  based on  Schur?s  c lass ica l

a lgor i thm,  wh ich  can be  used to  genera te  a l l  nenbers  o f  t  ,  and  hence a l l

o f  S  Th is  paper  can be  regarded as  the  theore t ica l  p repara t ion  fo r  a

fu tu re  paper  wh ich  the  au thor  i s  cur ren t ly  wr i t ing ,  wh ich  w i l l  dea l  w i th

app l ica t ions  o f  th is  a lgor i thn  to  ques t ions  about  P iso t  numbers ,  P iso t

sequences and Sa. lem numbers.

Each f  in  C is  de termined by  an  in f in i te  pa th  . in  a  t ree  assoc ' ia -

ted  w i th  the  abor ;e  a lgor i thm.  l ^Je  in t roduce a  func t iona l  on  E ,  w( f ) ,

ca11ed the  "w id th"  o f  f  ,  v . ih ich  has  a  na tura l  in te rpre ta t ion  in  te rms o f

t h i s  t r e e .  F r o m  w ( f ) ,  w e  o b t a i n  a  f u n c t i o n  r v ( O )  o n  S  w h i c h  i s  t h e

n a x i m u m  o f  w ( f )  o v e r  a l l  f  w l t h  p o l e s  a t  0 - 1 .  T h e  q u a n t i t y  r v ( 0 )

measures  the  contp lex i ty  o f  S  near  the  po in t  0  For  example  w(0)  =  6

i f  0  i s  a n  i s o l a t e d  p o i n t  o f  S  ,  a n d  w ( 0 )  >  h  i f  0  i s  i n  S ( h ) ,

t h e  h t h  d e r i v e d  s e t  o f  S .

Our  ma in  resu l t  i s  an  exp l i c i t  fo rmula  fo r  w( f ) .  A  s imp le  coro l la ry

o f  th is  fo rmula  is  tha t  r in  s (h)  i  1n*g7/2 .  The sharpness  o f  th is

inequa l i t y  i s  inves t iga ted  by  spec ia l  a rguments .  S ince  w( f )  i s  no t  con t inuous

a fo rmula  deve loped fo r  1 im w( f r r )  i s  o f  sorne  in te res t .
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PISOT NUMBERSAND THE IVIDTH

By Dav id  W.

OF MEROMORPHIC FUNCTIONS

a o y 6  
( 1 )

In t roduc t ion :  Our  ma in purpose here  is  to  s tudy  cer ta in  aspec ts  o f  the

s t ruc ture  o f  the  se t  S  o f  P iso t  (o r  P iso t  -Y i jayaraghavan)  numbers .  In

par t i cu la r ,  we sha l l  be  in te res ted  in  the  success ive  der ived  se ts  S f t )

o f  s .  T h e  r e a d e r  w i l l  r e c a 1 1  t h a t  s  i s  t h e  s e t  o f  r e a l  a l g e b r a i c

in tegers  0  >  I  a l l  o f  whose remain ing  con jugates  1 ie  s t r i c t l y  w i th in

t h e  u n i t  c i r c l e .  T h e  s e t  S  i s  c l o s e d ,  a c c o r d i n g  t o  a  w e l l - k n o w n  r e s u l t

o f  S a l e r n  [ 1 4 ] .

Duf resnoy  and P iso t  14-71  have shown tha t  an  e f fec t i ve  way to  de ter -

mine  de ta i led  proper t ies  o f  S  ls  to  re la te  ques t ions  concern ing  S to

quest ions about a set e of rat ional funct ions bounded by 1 in modulus

on the  un i t  c i rc le .  In  [6 ]  they  so lved the  "coef f i c ien t  p rob lem"  fo r  e

b y  g i v i n g  a  s e q u e n c e  o f  i n e q u a l i t i e s  r . , ( r 0 , .  . . , u n _ l )  :  u n  .  w *  ( u g , .  . .  , u r r _ 1 )

wh ich  must  be  sa t is f ied  by  the  sequence {u r . , }  o f  Tay lo r  coe f f i c ien ts  o f

any  t  tn  E .  Us ing  th is  resu l t  they  were  ab le  to  de termine a l l  the  numbers

i n  S  n  [ 1 , t ] ,  a n d  s h o w  t h a t  r  =  U {  +  D / Z  =  m i n  S ( 1 ) .

Our  ma in  too l  w i l l  be  a  func t iona l  rv ( f )  de f ined fo r  f  in  C fy

l im (w*  -  wn) /2  We ca l l  w( f )  the  w id th  o f  f .  Th is  l im i t  was  shown to

e x i s t  i n  [ 6 ] ,  b u t  n o  e x p l i c i t  u s e  w a s  n a d e  o f  t h i s  f a c t .  I n  s e c t i o n  1 ,  w e

g ive  a  combina tor ia l  in te rpre ta t ion  o f  w( f )  wh ich  suggests  why i t  i s  an

i n t e r e s t j n g  o b j e c t  o f  s t u d y .

A bas ic  resu l t  i s  Theorem 1 ,  wh ich  g ives  an  exp l i c i t  fo rmula  fo r  w( f )

i n  t e r m s  o f  t h e  g e o m e t r i c  m e a n  o f  1  -  l t l 2  o n  t h e  u n i t  c i r c r e .  T h i s

fo rmula  is  va l id  fo r  the  c lass  o f  meromorph ic  func t ions  cons idered by
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Charn fy  13 ]  and descr ibed in  sec t ion  2 .  As  a  Coro l la ry  o f  Theorem 1 ,  we show

that  * in  s (h)  >  (h  *  , r /2  wh ich  improves  the  es t imate  nr / t '  o f  [5 ] .

The func t iona l  w is  no t  con t inuou,  on  e  ,  bu t  i t  i s  poss ib le  to  g ive

some information about w(fn) i f  f r ,  *  f  in e and rve invest igate this in

sec t ion  4 .  Coro l la ry  7  o f  Theorem 2  g ives  a  fo rmula  fo r  1 im w( f r . , )  i f

f -  =  (A  *  zng) / (Q *  znc) .  We use th is  resu l t  to  inves t iga te  w( f )  on  the
n

s e t  o f  f  a s s o c i a t e d  w i t h  t h e  s e t  S  n  [ 1 , 2 )  a n d  s h o w  t h a t  w ( f )  a t t a i n s

a m a x i m u m  w ( f )  =  I . 9 8 7 7 . . .  f o r  f -  ( I - z ) i t + 2 s ; / ( I - Z z * r 5 - " 6 ) .  A n o t h e r

app l ica t ion  se t t les  a  na tura l  ques t ion  concern ing  the  re la t ionsh ip  be tween

w ( f )  a n d  t h e  " i n d e x  o f  d e r i v a b i l i t y r r  o f  f .

An interest ing (and open) quest ion i -s whether or not our est imate of

* in  s (h)  i s  sharp  in  the  sense tha t  * in  s (h)  -  n7 /z  In  sec t ion  5 ,

Theorem 3 ,  we show tha t  i f  0  =  k ,  a  ra t iona l  in teger ,  then O n  t (Nt )  ,

where  Nk/k  -+  2 /  QO -  1 )  >  1 .  Th is  shows tha t  l im in f  (min  s (h)Zr l )  >  t .

W e  a l s o  g i v e  a  s p e c i a l  a r g u m e n t  t o  s h o w  3€S ( 3 ) .  T h e  r e s u l t s  o f  s e c t i o n

2 do  no t  ru le  ou t  the  poss ib i l i t y  tha t  3  € SQ)  .

The c lass  E grd  the  a lgor i thm o f  Duf resnoy  and P iso t .

Assoc ia ted  w i th  each 0  in  S  is  i t s  min ima l  po lynomia l  P  (z )  o f

degree s ,  say ,  and the  rec ip roca l  po lynomia l  Q(z)  =  " tV1t -11  wh ich  has

Q ( 0 )  =  1 ,  i n t e g e r  c o e f f i c i e n t s ,  a n d  e x a c t l y  o n e  z e r o  0 - 1  i n  l r l  .  f .

I f  A ( z )  i s  a  p o l y n o m i a l  w i t h  i n t e g e r  c o e f f i c i e n t s ,  n o t  i d e n t i c a l  w i t h  Q ,
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h a v i n g  A ( 0 ) > 0  a n d  l n ( r ) l  . l q C r l l  f o r  l t l  
- l , t h e n t h e r a t i o n a l

func t ion  f  =  A /Q is  sa id  to  be  assoc ia ted  w i th  0  Such A do  ex is t ,

i n  f a c t  [  =  1 P  i s  s u i t a b l e  u n l e s s  Q ( z )  =  f  -  q "  *  " 2  i n  w h i c h  c a s e

A ( z ) - 1  i s a v a i l a b l e .

The se t  o f  such f  i s  denoted  d .  I t  i s  c lear  tha t  f  has  the

f o l l o w i n g  p r o p e r t i e s :

( i )  f  i s  ho lomorph ic  in  l r l  :  1  except  fo r  a  s imp le  po le  a t

z  =  a - l  <  I  ,

( i i )  l r ( r ) l . t  o n  l " l  - 1 ,

( i i i )  t ( z )  =  r 0  *  u I ,  +  . . .  f o r  l " l  <  0 - 1  ,  w h e r e  t h e  r '  a r e

integers and uo >

In  fac t  C is  charac ter ized  by  these proper t ies  by  a  resu l t  o f  P iso t

( s e e  S a l e m  [ 1 5 ]  )  .

The set E can be given a topology by def ining convergence to mean

uniform convergence ( in the metr i -c of the Riemann sphere) on compact

s u b s e t s  o f  l t l  <  1 .  A  b a s i c  r e s u l t  o f  P i s o t  l l 3 , p . 4 2 l  i s  t h a t ,  f o r  a n y

6  >  0 ,  t h e  s e t  { f  e b  :  0  :  6 - 1 }  i s  c o m p a c t .  T h i s  i m p l i e s  t h a t  S

i s  c l o s e d .  I f  
) o

fn -> f  in C then the Taylor expansion of f .  coincides

with tha.t  of  f  to an arbi trar i ly large nurnber of terms.

The der ived  se ts  C 
(h )  

o f  E  have been charac ter ized  and used to

character ize the sets  Sf t ) .  Dufresnoy and Pisot  t4 ]  showed that  f  eCl)

i f  a n d  o n l y  i f  f  =  A / Q  w h e r e  I n ( r ) l  .  l q t r l l  f o r  l r l  =  I  w i t h  e q u a l i t y

a t  a  f in i te  number  o f  po in ts  a t  most .  Thus  f  i s  an  iso la ted  po in t  o f  b  i f

a n d  o n l y  i f  t ( z )  -  *  , t Q ( " - 1 )  / Q G ) .  G r a n d e t - H u g o t  [ 9 ]  h a s  c h a r a c t e r i z e d

.  r h l  ,  r r \

C" '  
fo r  a l l  h .  The resu l t  fo r  h  =  2  i s  tha t  A /Q g  

e" t  i f  and  on ly  i f



there  are  po lynon ia ls

ident ica l l y  zero ,  suc l r

a n d  ( n  *  z n g ) / ( Q *  z

e x i s t e n c e  o f  z h  -  z

P iso t  number  0  i s  in

a s s o c i a t e d  w i t h  0  [ 4

fo l low lng  make sense:

Def in i t ion  1

( 1 )

d e f i n e  h ( 0 )  =  m a x  { h :  9 6 5 ( h ) 1  l { e  c a l l

d e r i v a b i l i t y  o f  f  ( o r  0  r e s p e c t i v e l y ) .

4 -

B and C w i th  in teger  coef f i c ien ts ,  no t  bo th

tha t  B /Q and C/Q are  in  C(1)  o r  iden t ica l l y  zere ,

-  . -  f  I  l" C )  
i s  i n  e t "  f o r  a l l  n  >  0 .  I n  g e n e r a l ,  t h e

aux i l ia ry  po lynomia ls  i s  requ i red .  In  add i t ion ,  the

S 
(h)  

i f  and  on ly  i f  there  is  an  f  e  L (h)  wh ich  is

, 9 ] .  I t  i s  s h o w n  i n  t 5 ]  t h a t  m i n  S ( h )  +  - ,  s o  t h e

I

I f  f  e e  , d e f i n e  h ( f ) = r e  €f t ) l  .  r r  o€s ,m a x  { h :

h  f f l  ( a t\ "  ̂ h ( 0 ) ) ,  t h e  i n d e x  o f

To inves t iga te  f ,  n , r f t "snoy  and P iso t  16 ]  inves t iga ted  the  coef f i c len t

prob le rn  fo r  a  w ider  c iass  o f  func t ions ,  namely  the  se t  o f  f  sa t i s fy ing  ( i )

and ( i i ) ,  bu t  w i th  rea l  coe f f i c ien ts  and f (0 )  =  rO t  t .  They  shorved tha t

the  coef f i c ien t  sequence u_  fo r  such an  f  sa t is f ies  the  fo l low ing  sys tem

o f  i n e q u a l i t i e s :

t .
U ^ - 1

to

t 1

l <

The bounds on ,r, ,

c a s e ,  n a m e l y  i f  , 0

n >  2

- l- I

n  =  2 r 3 ,

res t r i c t  u  to  a  f in i te  in te rva l  excent  in  one
n

a n d  n = 2 , t h e n  t l  =  6  T h e f u n c t i o n s  w , w *
l n ' n

are rat ional funct ions of their  arguments. They are recursively generated by

rneans o f  cer ta in  po lynomia ls  Dr , ,D '  as  descr ibed in  t6 ] .  The sys tem (1)  in

fac t  charac ter izes  the  coef f i c ien t  sequences  fo r  a  la rger  c lass  o f  func t ions

than they  cons idered,  as  we po in t  ou t  in  Sec t ion  2 .

I f  u  = w  o r  u ^ = w I  f o r a n y  s , t h e n  f  i s u n i q u e l y d e t e r m i n e d
S S S S
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and in  fac t  i s  o f  the  fo rm " tQ( r - t ) /Q( r )  fo r  a  po lynomia l  Q (wh ich  need

not  have in teger  coef f i c ien ts ) .  In  th is  case * r ,  =  r i  fo r  a l l  n  >  s .  I f

w I  w* then
n n

(2) wi*1 -  wn*l  -  4(un - rr , )  (" ;  urr) /  (wi -  *r ,)

f rom which one deduces that {wf,  -  w' ,}  is a decreasing sequence.

Def in i t ion  2 .  We def ine  the  w id th  o f  f  € e  by

w ( f )  =  1 i m  ( w i ( u O , . . . , u r r _ 1 )  -  w n ( u 0 , . . . , u n _  
l ) / Z

n + @

We can rewrite (2) in terms of "r, = rr, - r. and br", = w* - ur", Then

( 3 )

A  r e s u l t  o f  [ 6 , p . 8 3 ]  b e c o m e s

( 4 )
a

)  l ' a  - b )  <t - n n '

n = 3

so that

( 5 )  1 i m  a  =  l i m  b  =  1 i m  ( a - * b _ ) / Z  =  w ( f )
n + o  

n  
n - + o  

n  
n + @ ' n  

n '

!a
For  the  c lass  L  ,  there  is  a  re la t ion  be tween h( f )  and w( f )  wh ich  fo l lows

f rom a  resu l t  o f  Grandet -Husot :

L e n m a  1 .  I f  t  e V  t h e n  h ( f )  <  w ( f ) .

P r o o f :  A  r e s u l t  o f  [ 9 , p . 2 4 )  s h o w s  t h a t  i f  f  e t ( h )  ,  t h e n  f o r  a l l  s u f f i c i e n t t y

l a r g e  n ,  w _ + h < u _ < w ]  - h  T h u s  2 h < I i m ( w l - w - ) = 2 w ( f ) .
n  n -  n  r r  r r

For  the  c lass  E ,  an"  fac t  tha t  the  r '  a re  in tegers  means tha t  (1 )

cornp le te ly  charac ter izes  the  coef f i c ien t  sequences .  l lence (1 )
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prov ides  an  (unbounded)  a lgor i thm fo r  the  de terminat ion  o f  a l l  f  € b .  In

a  la te r  paper  we sha l l  show how th is  a lgor i thm can be  used to  de termine a l l

P iso t  numbers  in  cer ta in  in te rva ls  and to  g ive  lo rver  bounds on  cer ta i -n  c lasses

of  Sa le rn  numbers ,  us ing  resu l ts  o f  [2 ] .  Such an  a lgor i thm is  most  na tura l l y

descr ibed in  te rms o f  a  t tee  X.  Each ver tex  o f  th is  t ree  a t  he igh t  n  i s

s p e c i f i e d  b y  a  f i n i t e  s e q u e n c e  o f  i n t e g e r s  ( r 0 ,  . , r n )  s a t i s f y i n g  ( 1 ) ,

where  the  ernp ty  sequence *  i s  the  roo t  o f  the  t ree  a t  he igh t  -1 .  The

s u c c e s s o r s  o f  ( t 0 ,  . , t r , )  a r e  a l 1  ( u o , . . . , u n , u n * l )  w i t h  r n * l  I  u n * 1  1  r v f f * 1

( i f  a n y  s u c h  e x i s t ) .  E x c e p t  f o r  v e r t i c e s  o f  t h e  f o r n  * ,  ( u O )  o r  ( l , u r )  ,

a l l  o t h e r  v e r t i c e s  h a v e  a  f i n i t e  n u m b e r  o f  s u c c e s s o r s ,  i . e .  h a v e  f i n i t e  v a l e n c e .

An f  € b with coeff ic ient sequence {u'^} corresponds to a path to' n

i n f i n i t w  *  f r r ' \  r , ,  , ,  )  i - -  1  T r - ^  ̂ " ^ - + i t i e s  
f a - ] ,  l - b  ]  a r e  t h ef r r l f r r r L /  r  L u g . / ,  \ * 0 t u l ) t . , .  r r r  u  .  r r r s  q u 4 r r r  _  

n -  
*  

n

number  o f  pa ths  wh ich  branch to  the  le f t  and r igh t  respec t ive ly  a t  leve l  n .

Thus (5) expresses a certain homogeneity of the tree and makes apparent the

i n t r i n s i c  s i g n i f i g a n c e  o f  w ( f ) .

We can show the  f ru i t fu lness  o f  th is  po in t  o f  v iew by  the  fo l low ing

r e s u l t  w h i c h  i s  a  s i m p l e  a p p l i c a t i o n  o f  K d n i g r s  i n f i n i t y  l e m m a  l \ 2 , p . 3 8 1 ]

W e  f i r s t  o ' i ' \ r c

D e f i n i t i o n  3 .  I f 0  € S ,  de f i -ne
(  /  F \

w l u j  =  s u p  t w l r j  :
l.

f  ee  and  f  has  a  po le

a t  e - 1 ]

Lemma 2. The suoremum

f € e  wi th  pole at

in

^ - 1
U

Def in i t ion  1  i s  a

€n r  r ^ r l r  i  n h  r . r  f  €' \r v r  v Y r r a L r r  l r  l r  J

maximum. That

w ( 0 ) .

i s ,  t h e r e  i s  a n

Proof :  Le t  the s e t

o f

o f

I

f  assoc ia ted  w i th  0  be  c lenotec l  e  Cons ider  the

corresponding to expansions of f  in e Every vertex. " } ' f r o a  I
V 6

U
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a s  i n  [ 1 7 ] ,  w eh a s  a  f i n i t e  v a l e n c e .  F o r ,

2  ^ _ 2
r 0  *  l u l  -  u 0 u j  *  l u 2

have

r * 0 2 ,

Hence,  by  induc t ion ,

successors  fo r  any  n .

by applying

(u0 ,  .  .  , r r )

For any

u r O ) 2  *

B e s s e l ' s  i n e q u a l i t y  t o  ( 1  -  0 z ) f ( z )

has  on ly  a  f in i te  number  o f  poss ib le

f = u ^
U

fo r  i

*  u l t  +  . . .  ,  c o n s i d e r  g  =

Jo by a tree

a l l  v e r t i c e s

( r 0 ,  . r \ 1 f ; )

inf ini ty and

Je ob ta ined by  ' rp run ing"  f  a t  1eve1

( t 0 ,  . , t N ( f ) , . . . , t r )  a r e  r e p l a c e d  b y  t h e

w h i c h  i s  1 a b e 1 l e d  f .  T h e  r e s u l t i n g  t r e e

a l l  v e r t i c e s  h a v e  f i n i t e  v a l e n c e ,  h e n c e  7 t U

lemna.  Each te rmina l  ver tex  o f  
'7 '
J 0  1 s

m a x i m i z e s  w ( f )  o v e r  a l l  g  w i t h  i n i t i a l

O n e  o f  t h e s e  f  n e c e s s a r i l y  m a x i m i z e s  w ( f )

w i t h  v .  =  u .
) J

<  n .  b u t  v  -  u  =  c  I  0 .- n n

u j ( t 0 , . . . , v 3 _ 1 )  a n d  O j ( u 0 , . . . , v i _ 1 ) .  T h e n  ( 3 )  a n d  ( 5 )

t l

w ( e )  <  ( a  - +  b  - ) / 2' '  \ o /  t - n + l  
T l + l ' t '  

' (u r r *  . )  (bn-  . )  /  ( (an*  bn) /2 )  - , v r  ( f )  -  t 2  / ,  G )

n -t  @ Thus, there is an integer N (f)  such that i f  n > lJ ( f )  ,  and

f  has  i t s  f i r s t  n  components  equa l  to  those o f  f  then w( f )  >  w(g)

u o  *  u l "

l^Jr it e

+ . . .  i n

t f

a .  b .  f o r
J I

i m n l r r

( 6 )

c t J

We rep lace

N  ( f )  .  T h a t  i s ,

s i n g l e  v e r t e x

has no paths to

i s  a  f i n i t e  t r e e ,  b y  K d n i g ? s

assoc ia ted  w i th  an  f  wh ich

c o e f f i c i e n t s  ( r 0 ,  . , r t i 1 f ; ) .

).
V n .

U
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Theoren 1 of the next sec t ion  app l ies2 .  The genera l i zed  Schur  a lgor i thm.

to a class of merornorphic funct ions

denote  the  c lass  o f  func t ions  wh ich

at the or igin,  have a f in i te number

- 1  - i
0 r -  0 -^  and are  such tha t

. P

d ' \-  v t  )
r

wh ich conta ins €.

are rnerornorphic in I

p  o f  p o l e s  i n  l " l

i s  bounded

[ 1  1 , p . 3 8 ]  ,

for almost

s Q )  =  f ( z ) ( z

by 1 in modulus

so the  de f in i t ion

a l l  s u c h  z .

f l  -  e - z ) . . .'  
1 -

|  < 1 .  T h e n

extends to

-  - 1
( z  -  0  )  

' f 1  -
r

g  has  rad ia l

l l

l z l  =  I  ,  a n c l

in

o f < l

I
f

Schur [16] showed that the set 7f t0

f o l l o w i n g  f a n i l i a r  p r o c e s s :  s e t  f O G )

cou ld  be  s tud ied  by  app ly ing  the

=  f ( z ) ,  a n d  t h e n  s u c c e s s i v e l y

( 7 ) f  -  ( z )
n+ l  

'  '  

I f  f  i s  a  c o n s t a n t  o f
S

th i -s  la t te r  case f  i - s  a

w h e r e  a  i s a p o l y n o m i a l

The coef f i c ien t  y

( f n ( z )  -  y r , ) / z ( 1  -  y n f r r ( z ) )  ,  w h e r e  y n  =  f n ( 0 )

I f  f .  is a non-constant funct ion in mO then fr ,* l  is in ??t0. I f

a  cons tan t  y=  w i th  lV .  |  <  1  then f -  i s  iden t ica l l y  0  fo r n > s

is undef ined for
n

o f  the  fo rm , r=Q1t

l l . r l _
l z l  < 1  a n d  l e r

[ u ^ . . . . . u  ) .  S c h u r
n -  u -  '  n '

t h e  i n e q u a l i t i e s  l O r . , ( r 0 , . . . , u n )  |  < 1  ,  w i t h  s t r i c t  i n e q u a l i t y  f o r  a l l  n

or  e lse  w i th  equa l i t y  fo r  n  =  s ,  charac ter ize  the  coef f i c ien ts  o f  f  €m

Chamfy t3]  showed how to extend these considerat ions to the class TlO.

N o w ,  i n  a d d i t i o n  t o  t h e  b a s i c  t r a n s f o r m a t i o n  ( 7 ) ,  w h i c h  a p p l i e s  i f  l f n ( 0 ) l

there  are  t rvo  o ther  t rans format ions  requ i red  i f  l fn (0 ) l  r  t  o r  =  1 ,

r e s p e c t i v e l y .  I f  f r ,  =  t 0  *  v m z m  *  . .  w i t h  l " 0 l  >  1  a n d  v ,  I  0 ,

n

Tmodu lus  1 ,  then

ra t iona l  func t ion

wi th  no  zeros  in

is a funct ion 0

n  >  s .  I n

- t ) / Q ( r ) ,

1

proved that

We sha l I  le t  7n
T

z l <

< 1 ,

1 ,  ho lomorph ic

s a y a t  , = 0 l l

0 z )
p '

l  imit  s

I t c " t  I

0 '

1  1 ,



then  one passes  f rom

passes  f rom f '  to

f
n+m

Thus
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w h i l e  i f  l " 0 l  =  I  a n d

a sequence

An f  of  range s is of the form

l " l  (  1 ,  a n d  l r l  =  ] .

to

such tha t ,  fo r

degree a t  most

I  0 ,  o n e

n  <  S ,  a

ex i s t s  wh i ch

n

T' 
n+ 2rn

( 8 )

i s  g e n e r a t e d ,  w h e r e  c e r t a i n  o f  f r , . . . ,  t r ' _ ,

Chamfy showed that,  for some f ini te r0 ,  t r '

p rocess  eventua l l y  becomes

Chamfy also showed hor^r

f  has  rea l  coe f f i c ien ts .

c o e f f i c i e n t s ,  a n d  w e  g i v e

A s  w i t h  S c h u r ? s  o r i g i n a l

cons tan t  o f  modu lus  1 ,  f ,

and range @ otherw ise .

may be  undef ined.  However ,

is holomorphic and the

( 7 ) ,  s o  S c h u r r s  r e s u l t s  a p p l y .

to  fo rm the  inequa l i t ies  ana logous to  (1 )  in  case

Grandet -Hugot  tS ]  t rea ted  the  case o f  complex

a part ial  account of Theorem 1 of [9]  as Lerruna 3.

process ,  the  sequence rnay  eventua l l y  end w i th  a

We sha1 l  say  f  has  range s  in  th is  ca_se,

- - " A ( -  - \  / n / ' - \
c .  Y \ 4  ) / Y \ L )  t

r ,uhere a has p zeros in

Lemma 3 .  Le t

u 0 + u 1 z +

un ique pa i r  o f

s a t i s f y :

( 9 )  Q n ( 0 )  =  l

f  be in  W^ wi th  range
tr

near  0 .  There  i  s  an  n0

p o l y n o m i a l s A a n d 0 o f
n ' n

and 0 has D'n

( 10 )  I n , . , ( z ) l  <  l 0 " c " l l  r o r

In .  (z )  |  =  lo ,  t r )  |  ro r

(11)  a 'n (z )  /an?)  =  r0  *  u t ,

( r2)  q(z)8r,  G-r)  -  R,. , (z)A," , (z

s  ( p o s s i b l y - ) ,  and expans ion

fla'' (

n

zeros ]-n

l " l  =  1 ,  i f

l ' l  =  1 ,

l " l  (  1 ,

I  (  S , w h i l e

+ +

1- )  = oJ

n + 1
' n + 1 -

independent

u z
n

n
a € ,
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I

t l r j  l u n * 1  
-  s n * 1 l  1  , r ,

I f  A_  has  lead ing  coef f i c ien t  y_  ,  then
n  "  ' n  -

( 1  4 ) Yn* 1 
= ( tn* 

1 
-  t r ,*  

1) / rr ,  
,

D e f i n i t i o n  4 .  F o r t€m^ we  de f i ne  w( f )  =  1 im  , r ,  (  =  o  i f  f
P  

, t - r  o

h a s  r a n g e  s  <  o ) .

Note  tha t  (15)  shows ,n  i s  non- increas ing ,  and tha t  (13)  cor responds

to  f  1 )  so  Def in ' i t ions  1  and 4  are  cons is ten t .  I {e  no te  tha t  i f  f  i s  the\ *  /  
n

sequence o f  (2 )  then,  fo r  rn  (  I  <  s ,  we have

( 1 6 )  t ( z )  =  ( A n ( z )  *  r n * t  0 , . , { r - 1 ) f r , * r ( z ) )  / e n e ]  *  r t * l  [ n [ z - 1 ) f r , * r ( z ) ) ,

and tha t  fn (O)  =  y '  i s  the  sequence o f  Lemma 3 .  The sequences  Ar , ,%

sat is fy  recur rence re la t ions  g iven in  [9 ] ,  a l though i t  shou ld  be  po in ted  ou t

t h a t  ( 4 )  a n d  ( 5 )  o f  [ g , p . S ]  a r e  i n c o r r e c t .  T h e  c o r r e c t  r e l a t i o n s  c a n  b e

d e r i v e d  f r o m  ( 7 )  a n d  ( 1 6 ) .  W e  n o t e  t h a t ,  i f  t  6 7 f t 0  ,  t h e n  y n  i s

de f ined fo r  a l l  n  <  s ,  and

( t 7  )

I t  i s  wor th  rnent ion ing  tha t  Wa11 [18 ]  has  recas t  Schur rs  a lgor i thm l to r \ )

as a cont inued fract ion algori thm in which An/% appears as a convergent of

even order .

The reader  fami l ia r  w i th  t6 ]  shou ld  no te  tha t  o r . ,  (z )  =  Ar r_ ,  (z )  -  ,nQn- ,  { r -1 )  ,

n

T_T
, r ,  =  i l c r - l v n l 2 l

k = 0



and n i f  z )  =  An_,  (z )  *  , to , ._ ,  [ r -1 )

Rernark .  Chamfy  [3 ]  in  fac t  fo rmula tes  her  resu l ts  fo r  the  c lass  o f  func t ions

whi -ch  are  meronorph ic  in  the  c losed d isk  l r l  .  f ,  and  sa t is fy  the  o ther

cond i t ions  in  the  descr ip t ion  o f  Wo .  The cond i t ions  der ived  by  Schur  [16 ] ,

on  the  o ther  hand,  a re  necessary  and su f f i c ien t  to  charac ter ize  the  coef f i c ien t

s e q u e n c e  o f  a n  f  e  m n ,  s o  i n  f a c t  C h a n f y r s  r e s u l t s  g i v e  o n l y  n e c e s s a r y

cond i t ions  fo r  t f re  c fas i  she  cons iders .  Hor^ rever ,  i t  i s  easy  to  ver i f y  tha t

the  cons idera t ions  o f  [3 ]  car ry  th rough fo r  f  €7n^ ;  one need on ly  ver i f y
r

t h a t  t h e  L e m m a  o n  p . 2 1 8  o f  [ 3 ]  i s  v a l i d  f o r  t h i s  c l a s s  o f  f  ,  a n d  t h i s  i s

an  easy  mat te r .

Duf resnoy  and P iso t  t6 ]

func t ions  (1 )  charac ter rzes .

is  a  necessary  cond i t ion  fo r

and su f f i c j  en t  fo r  f  ,  w i th

in 
'm," 

I f  such an f  has
,L

1 1 5 1 ,  a n d  h e n c e  i s  i n  e  .

i n  t h i s  case .

1 1 -

do no t  d iscuss  the  ques t ion  o f  r r 'h ich_c14s9 o f

For  the i r  purposes ,  i t  i s  enough tha t  (1 )

b
f  t o  b e  i n  L .  I n  f a c t ,  ( 1 )  i s  b o t h  n e c e s s a r y

r e a l  c o e f f i c i e n t s  a n d  u ^  >  1  o r  u ^  =  l ,  t o  b e
U U

i n t e g e r  c o e f f i c i e n t s  t h e n  i t  i s  r a t i o n a l ,  b y

Thus (1) provides a complete character izat ion

3. A fornula for the width of a funct ion

I \ ie  shal1 need

measu rab le  f unc t i on

some proper t ies

r l

o e r l n e o  o n  l z

of the geometr ic mean of a bounded

I  
=  r .  I f  g ( e i t )  >  o  ,  w e  w r i t e

&-rrt
f  .  ?  L |  - i +  )
I  I  I  -  a L -  .  I

e x P  1  ^  |  t o q  s ( e  )  d t |'  
I  / T  |  ' '  - - -

\  
- "  j 0  )
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- l  f L t t  i r
=  (2 t r  )  

^  

.Jo  
B(e-  

- )  
d t

j C l . l t  -  ) .  l r t o l l l " r l  l . * , n | - t  ,

(  1 8 )

( 1 s  )

(20)

I r re  wi l l  a lways have 3-G) ,  *  but  poss ib ly  1-@ -  0 i f  loe(e)  is

n o t  i n t e g r a b l e .  S o m e  w e l l - k n o w n  p r o p e r t i e s  o f  2  [ l O , p p . 1 3 6 - 1 3 8 ]  a r e

3{cre; = &-te; lrsrt

& .
oA tg1

1-rg . '4Gr

A 1 s o , r v e h a v e J e n s e n ' s f o r m u l a [ 1 1 , p . 6 8 ] :  i f  f  e H I  , f ( 0 )  f  O , a n d  f

van ishes  in  I r l  <  I  exac t ly  a t  o1 ,  c r r . ,  ,  then

(2r)

where  I  >  I  i s  a  cont r ibu t ion  due to  the  s ingu la r  par t  o f  f .  I f  f  i s

h o l o n o r p h i c  i n  l r l  .  I  t h e n  ) .  =  1 .  F i n a 1 1 y ,  w e  w i l l  n e e d  a  f o r r n  o f

S z e g U ' s  t h e o r e r n  I J . l , p . 5 0 ]  :  i f  g  ( " i t )  >  0  i s  i n t e g r a b l e  o n  l 0  , 2 t r ) ,  t h e n

(22) 3- rg  = inr  t *  UP 12 e)  ,

k
t v h e r e  P ( z )  =  I  +  b I "  *  *  b k z "

T h e o r e m  1 .  L e t  f  b e  i n  
T  

^  w i t h  p o l e s  a t  e . , t , . . . ,  e : t  T h e n
P T P

(23) w ( r )  =  a 1  e l * o  -  l r l ' t

Fur thermore ,  i f  f  =  A /Q is  a  ra t iona l  func t ion ,  and i f  A(z )  =

r  -  - l  - 1
z -  ( Q Q ) Q ( z  

- )  -  A  ( z ) h ( z  
^ ) ) ,  

w h e r e  r  i s  c h o s e n  s o  t h a t  0  i s  a  p o l y n o m i a l

w i t h  A ( 0 )  I  0 ,  t h e n
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(24)

( 2 s )

w ( r )  =  l a ( o )  I  
- 2  

& f  l n l t  ,

w ( r )  =  l Q ( 0 ) l - 2  l o f o t l T J m a x ( l o l , 1 )  ,
0

where  the  produc t  in  (25)  i s  over  a l l  roo ts  o f  f )

Proo f :  we beg in  by  showing tha t  we can reduce the  proo f  to  the  case o f

h o l o m o r p h i c  f  .  w r i t e  n i C z )  =  , t { ,  ( r - r )  a n d  q , r ,  =  , t  
%  

( " - r ) ,  a n d

f h a n f n r n \ n1 , ,s , , ,  ru ' ,  /  , r0 ,  (16)  i s  f  -  (An *  ,g i f r r * r ) /  (Qn *  zn i f ,_ , *1 )  s ince  the

numerator and denominator are holomorphic,  the denominator,  D, must vanish

a t  t h e  p o l e s  o f  f .  U s i n g  ( 1 2 ) ,  w e  h a v e ,  f o r  l r l  =  f  ,

.  ,  - , 2  . ,  ' 2  ,  ' 2  , )  . '  ' ?  , )  . )1  -  l f  l -  =  ( l Q n l -  -  l A n l " )  ( 1  -  l f r , * r l " l t 1 o 1 '  =  r , r r , ( t  -  l f r , * r l ' ) / 1 o 1 '

Thus ,  f ro rn  (18)  and (2 I )

( . / : \  9 r ' ,  l c l 2 t  4 r .  l c  1 2 ,  1 , r t ^ 1 . - 2
l z o )  d t r  -  

l r l  )  =  r 0 n c ( t t  -  
l r r , * 1 1  J  d t l l J l J

s i n c e  D ( 0 )  =  I  a n d  i t  v a n i s h e s  a t  U r t  ,  U ; t

Now, inver t ing (16) ,  we have f r , *1 = ( fq  -  Ar , )  / " (q  -  o i  t l  At

z  =  0 ,  us ing  (11)  and ( I2 ) ,  the  expans ion  o f  the  denominator  o f  th is

express ion  beg ins  , r ,  , t * t  For  l " l  
-  1  ,  we have

( 2 7 )  1  -  l r n * 1 1 2  =  ( l q l '  -  l . r n l 2 )  t r  -  l r l 2 t t  l q  o l  t l '

, n  ( r  -  l t l ' t l l q  -  o i  . l '  .

T f  R  - i  s  f h c  n rL , r v  H r o d u c t  ( 1  -  O r r )  ( 6 r  -  " j r . . .  ( 1  O p r )  ( d p  -  , ) - r  s o  t h a t



g = Bf is holomorphic 1n

_ 7 4 _

l t l  <  I  ,  w e  h a v e ,  s i n c e  l e l on
t l

l z l

-l

0  
- a r

p n
( 2 8 )  S r l a ;  -  o l  r l t  =  3 (  l B q  -  A ; B r l )  >  l r l o ; 1 o , . ,

Thus,  (27)  and (28)  g ive

(2s )  t r t  -  1 f , " , *112)

o l  . . .  o i  1-o  -  |  r t2 r ',r  {  t t

Combin ing  (26)  and (29)  we see tha t

(30 )

l low ( I7 )  and (15)  together  imp ly  tha t

( 3 1  ) w  ( f ) 1 i m
m + @

po lynomia I

(32)

D  ( t \ F  ( t \

j

m
T--r .)
|  |  t l  -  l v . l ' ' t'  ' l '

=  n + l

C o m p a r i n g  ( 3 0 )  a n d  ( 3 1 ) ,  w e  s e e  t h a t  ( 2 3 )  w i l l  f o l l o w  f o r  f  a s  s o o n  a s

i t  i s  p roved fo r  fn*1 ,wh ich  j -s  ho lomorph ic .  Thus ,  we now assume tha t

f  i s  h o l o m o r p h i c .  F o r  s u c h  f  ,  ( 2 6 )  ( o r  ( 3 0 )  )  g i v e s  t f t  -  
l f  l ' l  1  , n

u ( r l r l '  ( 1  -  l r l 2 ;  <

<  0 ,  t h e n

z .

of (32) can

a n d l e t t i n g  n + @ ,  3 Q -  I t l ' l  <

To prove the  reverse  inequa l i t y ,  g iven

P ( z ) = 1 + b I " *  * b k r k  s u c h

I f  w e adont the convent ion that - 0  f o r
m

@ (

\ . ]= ) l
e l

n=0 .\

K 1

I  u . l . '  . l
; ' . ,  J  m - l i
J - w

lef t  member

-  1r , . , * r l2) n ) i l n

r - ^ l  w ( f  . )
n  -  n + l -

e  >  0 ,  u s e  ( 2 2 )  t o  f i n d  a

that

=  1 ,

Thus ,  app ly ing P a r s e v a l  t s r e l a t i o n ,  t h e be wr i t ten
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( s r )  * t l o l2  -  Ip r l2 t  =  *c lp l2 t  i  I  f  0 , " * - ,
m = 0  '  j = 0  r  " ' r

: * r l p t2 r  i  I  f  b j , *_ j
m=0 j  =0

Now Ar,/% is holomorphic,  and we have

(34)  0 r ,  =  !0  -  1n , r lq l2 )  <

b y  B e s s e l r s  i n e q u a l i - t y  a n d  ( 1 1 ) .  L e t  n  +  o  ' i n  ( 7 L \  r h o n  , t c e  ( 3 2 )  a n d

( 3 3 )  t o  o b t a i n

w ( r )  .  , l -  C l p l 2 -  l p r l 2 l  .  - ? C r  -  l r l 2 l  +  e

Since e  >  0  i s  a rb i t ra ry ,  we have proved (23)  fo r  p  =  0  and hence fo r  a l l  p .

r h e  p r o o f  o f  ( 2 4 )  u s e s  l C I l  =  l q l ' Q  -  l r l 2 l  o n  l r l  
-  I  ,  a n d  ( 2 1 )

o  ,  , )  , )  )  )
t o  i d e n t i r y  A . ( l a l - )  =  l Q ( 0 ) l -  0 ; . . .  0 ;  r h e  p r o o f  o f  ( 2 5 )  u s e s  ( 2 1 )  a n d

the  fac t  tha t  A  is  a  rec ip roca l  po lynomia l .

Remarks .  1 .  For  f  € H*  ,  the  cond i t ion  fo r  f  to  be  an  ex t re rne  porn t  o f

t h e  u n i t  b a l l  i s  t h a t  ( i n  a d d i t i o n  t o  l f ( " i t ) l  .  r  a . e . ) ,  4 o  -  l r l l  
-  0

[ 1 1 , p . 1 3 8 ]  .  T h i s i s t h e s a m e a s  & . f t -  l r l ' l = Q  s i n c e  t r { Q . l r l ) < 2 .

Thus w( f )  -  0  fo r  t  €m^ i f  and on ly  i f  f  i s  an  ex t reme po in t  o f  the  un i t
U

ba l l  o f  H-  .  Th is  i s  no t  an  a l together  unexpected  resu l t .

2 .  An ear l ie r  p roo f  wh ich  we ob ta ined fo r  Theorem 1  in  case o f  ra t iona l

f  =  A /Q conta ins  a  resu l t  o f  some independent  in te res t .  Namely ,  the  sequences

A- ,  Q_ individual l -y converge uniformly on conpact subsets of the unit  disk
N T I

t o  r a t i o n a l  f u n c t i o n s  A / F ,  Q / p  w h e r e  F  h a s  a l l  i t s  z e r o s  i n  l t l  >  I
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o n l z l - 1

converge to zero in the unit  disk. Note th.at A/F and Q/F are holomorphic

in  l " l  <  1 .  Th is  convergence resu l t  i s  much s t ronger  than the  fac t  tha t

On/% + A/Q un i fo rmly  in  any  d isk  l " l  .  6  f ree  o f  zeros  o f  a  .  S ince  th is

r e s u l t  i s  n o t  p a r t i c u l a r l y  r e l e v a n t  h e r e ,  w e  w i l l  p r e s e n t  i t  e l s e w h e r e ,  a l o n g

w i t h  a  g e n e r a l i z a t i o n  t o  t h e  f u l l  c l a s t  4 o

a n d  l q l 2  -  l A l 2  = . , u ( r )  l r l '

C o r o l l a r y  1 .  I f  f  e

r e s p e c t i v e l y  t o  h ( f )

P r o o f :  S i n c e  A  ( 0 )

The second staternent

The polynomials A* and a"

These cor respondt h e n  w ( f )  =  Q  o r  w ( f )

o r  h ( f )  >  1 .

i s  an  in teger ,  the  f i rs t  s ta tement  i s

fo l lows f ron  the  charac ter iza t ion  o f

i m m e d i a t e  f r o m  ( 2 5 ) .

e ( t ) ,  t 4 l  .

>  1 .
F

- 0

o n l

1 Q

o ' J ( t

C o r o l l a r y  2 .  I 1  f  €1 f r t  r v i t h  p o l e  a t  0 - r ,  t h e n

(3s)
@

I
L

n=0
w ( f )  <  0 2

1  n - 1  ' -
-  r 0  -  e  ̂ )  )  e  ̂' ) L

k=0
u .

n - K -  I

i s  ho lomorph ic  in < 1Proof :  The func t ion g , ( z )  =  ( 1  -

a n d  l e ( r )  I  =  l r ( ' )  |

z 1 ) t ( z ) /  ( 0  -  z )

Hence,

w ( f )

t t c ' i n o  ( ? n \  T h e  T r r r ' l n r\ - " r .

-  l e  l 2 i
l l )

coe f f i c ien ts  o f

n

Thus an  app l ica t ion  o f

C o r o l l a r y  3 .  I f

P r o o f :  I f  f  €

0 € S , t h e n

F  L ^ ^  : + ^  - ^ 1 ^
\ -  l l d J  f  L 5  P L r r c

app ly  Def in i t ion

g 2 - t

then (35) shows \{  ( f )  <

n - l
a  "  ^  1 -

( 1  -  e  - )  )  e  "

k=0

w  ( 0 ) 1
1

a t  0 ^

u ,
n - K - 1

t h p  n r n n f

^ 2
< 0

a 2  * e  -  l r l 2 t

1

U

Parseva l  I  s  re la t ion  comple tes

e 2  L o  -  l e  l 2 t

02  -  02  * r l s lz t

are

2- u 0

1 l low

)
U
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c o r o t l a r y  4 .  m i n  s ( h )  >  ( h  *  , . ) ' / '

P roo f  :  Le t  g  =  p in  5 (h)  Then h  <  w(O)  by  Lemna 1 ,  hence

h <

C o r o l l a r y  5 .  I f  0  € S  ,  t h e n ,  f o r  a n y  i n t e g e r  n  )  1 ,

w ( o n )  :  n  -  1  +  g 2 ( n - 1 )  t ( o )

P r o o f :  L e t  f  h a v e  p o l e  0 - 1  a n d  s a t i s f y  w ( e )  =  r v ( f ) .  I t  n a y  b e  s h o w n ,

a s  i n  1 4 , p . 1 1 4 ]  t h a t ,  f o r  j  =  0 , 1 , . . . ,  n - 1  ,  t h e  f u n c t i o n

- \ . I n-  )  u .  z'  
i 'o  

t  -  
-1^ 

* j  ** t t  -

) . , - n
i s  i n  L ,  h a s  a  p o l e  a t  z  =  e  

" ,  
a n d  t h a t  i f  6  i s  a  p r i m i t i v e  n t h  r o o t  o f

u n i t y :
n - l  n - l

f  t .  , I l - r 2  I  
' ^ - ^  

k  . r 2
)  l f , ( 2 " ) l -  =  

i  )  l f ( r . ' - z ) l '
j  =0  k=0

Thus ,

( 1

- 1

l l -  I

T
L

1 , - A

1 -

l  l 2 r-  l F  ( r n
r  -  

0  r -

n - 1

I  c t  -
1 . - n

4 , .
orJ [ r  

-

a l

l r l " ' r  I' )

. . r c  \  _  n 2 n  . - ?  . 2  ^ 2 n  - &
w ( f o )  -  0 - " J - ( t -  l f o l " )  

-  o  J _

^ 2 n  4 t  l " ; l  r  n  .  n ,  t 2=  u  c L 1  1  1 t , , t z  J l  +  n
t i  = 1  r

^ r r-t-l -

t  j = l  J

n - l  a  a . - .
I  L  ^ a t t -  L=  )  u l  +  Q - ' ^ - w ( f )

j  = t  J

r cek r l  I  
2 ) )

I  rceur r  l ' t l

we  have  used  a  few  e lemen ta ry  changes  o f  va r i ab le  and  {11 r ,  l )  :  o - " l f j  ( 0 )  l ,
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by  Jensenrs  fo r rnu la ,  ignor ing  any  zeros  t j  may have in  l t l  <  1  S ince

the  u .  a re  non-zero  in tegers ,  coro l la ry  5  i s  now proved.  (o f  course
J

u .  -  l O j  , o  f 6 1  l e r ^ o e  j  t h p  r
J  

rdr5,u J urr€ r .esul t  can be improved) .

E x a m p l e s .  1 .  L e t  f  -  ( t  -  t 2 ) / ( I  -  k z  -  t 2 ) .  T h e n  a ( z )  =  k 2  T h u s

w ( f )  =  ? t l n l l  =  k 2  N o t e t h a t  g  =  ( k *  ( k 2 * q t / , ) / z  - k , s h o w i n g

tha t  Coro l la ry  1  i s  asympto t ica l l y  sharp .  Observe  tha t  An =  1  -  z  and

)

% 
= 1  -  kz  -  z -  fo r  n  >_  2 ,  s ince  we have seen tha t  (12)  i s  sa t is f ied  by

th is  pa i r .  Thus  0n  =  k2  fo r  n  >  2 .

2 .  L e t  f  =  1 /  ( 1  -  k z ) .  T h e n  0 ( z )  -  - k  ( 1  -  k z  *  , ' ) .  H e n c e

r v ( f )  =  f t (  l n l )  =  k ( k  +  $ 2 - q t / ' ) / 2  -  u 2  -  t  -  k - 2  r h u s

h ( f )  <  [w ( f )  7  =  k2  -  z ,  wh ich  makes  i t  conce ivab le  tha t  t  e  eG2-2 )

?

and k  e  S  $-  -2 )  
I t  i s  t rue  tha t  z  6  gQ)  as  shown in  [9 ]  ,  bu t  we do

?

not  know i f  k  € s&- -2)  fo r  any  o ther  va lue  o f  k .  Th is  i s  d iscussed

fur ther  in  Sec t ion  5 .

C o r o l l a r y  6 .  I f  k  >  3 ,  t h e n

(36 )

rvhi 1e

(37 )

w ( k )  =  k ( k  *  1 u 2 - a 1 ' / ' ) / ,  =  w ( r / ( 1  -  k z ) )  ,

w(2)  =  (3  +  / -s ) /2  -  w( ( r -z ) / ( r -22) )

P roo f  :  Le t  b , .  =  k (k  +  (uz -D ' / ' ) / r .  By  Lemma 2 ,  some r  e  E  nas
r\

w ( f ) = w ( k ) .  L e t  f = t 0 * u I "  + . . .  a s u s u a l .  T h e n  r 0 = 1 , f o r i f

r 0  r  1 ,  ( 3 5 )  s h o w s  t h a t  w ( f )  <  U 2  -  q  .  b k  A g a i n  ( 3 5 )  g i v e s



r r t u J  a t  u 1

S o ,  i f  k  >

i m p l i e s  u* n

_ 1 9 _

w ( f )  <

k  we wou ld  have w ( f )  <  k2  -  t

then 11  =  k .  Suppose tha t  we

k n  f o r  n  =  0 , 1 ,  . . . ,  m  T h e n

-  - l  ^ - m , ^r r  f A  -  A  
^ ' \

u m [ u  -  u  J  -  , 0  t  [ u  -

. m - .  .  - l -
=  u * . ,  -  K  [ K  -  K  )  -  -  l (

m + 1

n r  l

k " ' ' '  t h e n  ( 3 5 )  i m p l i e s  w ( f )  <

_ . 1

-  k  
-  

T h u s ,  b y  i n d u c t i o n ,

- .  , . i l + l  , - ( m + 1 )u - - K + . K
m + 1

1 a
l .  ^ \ \ "

( r  -  r - 1 ) 2

have shown that

i f  k  >  3 .

\ l a

N

< br,
N

f o r  a l l

is far

h
K

w ( f )

u
m + 1

1

e  - )

- m  - l" ' 1 1 ,  l .  - \
\ ^ - ^ . ) -

I f  u  - *
m + 1

Hence  u
m + l

n  i f  w ( f ) >  b r , .  Thus  f  -
N

The argument breaks down

but  a  s imi la r  p roo f  w i l l  g ive

u 2  -  t  -  ( 1  -  u - ( m + 1 ) r 2

I / Q  -  k z )  a n d

f o r  k  =  2 ,  s i n c e

( s 7 ) .

k > 3 , t h e n  u

w ( f )  =  b k

i f
n

- N

t l  =  1  i s  e q u a l l y  s u i t a b l e ,

4 .  The w id th  func t iona l l i e d  t o ences  o f  func t ions .s e q

e
rart

lVe now return

from cont inuous on

Lenma 4 .  I f  f  ->

The fo l low ing  is

Lemma 5 .  I f  f  +  f

to  the  s tudy  o f

e To the con

)a
r ln L- and

obv ious :

in e and

f i rs t  observe  tha t

have

.  t l g

I r  W €

J Cf
n

n )
1 i n  s u p  w ( f

for any

w ( f )

n ,  t h e n

1 / w  ( f )

P r o o f : S e e  t h e  p r o o f  o f  L e m n a  2 ,  e s p e c i a l l y  ( 6 ) .

n
for any

l i n  s u p  h f f  ) h ( f )  -  1 .

n ,  then
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t r te  sha l1  be  in te res ted  in  de termin ing  1 im w( fn )  fo r  spec i f i c  sequences

f '  l {e begin with some examples to motivate the next theoren:

1 .  C o n s i d e r  f  =  \ / ( I  -  3 z )  w i t h  w ( f )  =  3 ( 3  +  / t ) / 2  a s  w e  h a v e  s e e n .

One read i l y  ver i f ies  the  fo l low ing  equat ion  fo r  l r l  
-  1  ,

I t  -  s z  *  t n l '  =  1  +  l t  -  " 1 2  *  l t  -  " n - 2 1 2  *  l t  -  r n - t l t

*  l t  -  z l 2  l t  -  " n - t  l '

Thus,  for  example f r ,  =  (1 -  "n-2) / ( t  -  3z + zn)ee(1)  ,  and f r ,  +  f

We calcu late

, t ( ( t  -  3 z  +  z n )  ( 1  -  3 t - r *  " - n )  -  ( 1  -  " n - 2 )  ( r  -  z -  
( " - 2 ) ) )

_  2 _  . .  _  n - t  2 n - 2 _=  t r  -  5 z  +  z  ) l I  -  5 z  +  z  )  ,

and hence f ron  Theorem 1 ,  and Jensenrs  fo rmula  tha t

w ( f , " , )  =  & (  11  -  3 t  *  " 2 t l  & , ( l l  -  s rn - r  *  r ' n - ' l )

=  ( ( s  *  / i ) / z ) '  =  w ( f )  -  1

2, Before this last example leads us to seek an improvement of Lemrna 4,

le t  us  cons ider  f r ,  =  I /  Q -  3z  *  zn)  For  th is  sequence,  we have

( 3 8  ) o -  =  " n ( r - 3 2 * z n ) ( r - 3 2 - 1  * r - t )  -  " n
n

= ,2n 1t  -  sz-r)  *  "n (r  -  3z) 1t  -  sz-r !  + (r  -  3z)

A nurnerical  calculat ion of t l - re zeros of Q. shows that,  for

n = 2  7 ,  w ( f r r )  =  3 . 7 3 2 , 5 . 5 5 2 , 6 . 4 5 7  , 6 . 8 7 3 , 7 . 0 7 9 , 7 . 1 8 9  T h i s

- 1 ' - - ^ ^ + ^  + L ^ +  " ( f _ )  i n c r e a s e s  t o  a  l i m i t  g r e a t e r  t h a n  7 .  T o  o b t a i n  aJ u 5 5 E J  L J  L l r d  L  n U  
, r .

heurist ic idea about the value of w(frr)  we observe that Q' has a root

0 .  w i th  l im i t  3  as  n  )  * ,  as  i s  eas i l y  p roved.  To  see how the  o ther  roo ts
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o f  0 n  i n  l t l  >  1  r n a y  b e  d i s t r i b u t e d ,  l e t  u J  s a t i s f y  t  
t - l  

=  1 .

W r i t i n g  z  =  e L / n  ̂ ,  w e  f i n d  t h a t

e ' , ( z )  =  e 2 ^ 2  1 t - s z - r )  - e  u r  ( r - 3 2 ) ( r - s z - l )  +  ( 1  - J z )

Th is  s t rong ly  suggests  tha t  e .  shou ld  have a  roo t  near  e f /n  ,  ,  where

6 noh/  sa t is f ies

(3e) 1 2 u ( 1  -  3 o )  -  q ( i  -  3 o ) ( 1  -  3 ; )  +  o  ( t  -  3 o l  -  0

Now,  fo r  any  f i xed  r  =  " i t  ,  (3g)  indeed has  a  pa i r  o f  roo ts  6 .  ( t )  and

Czf t )  w i th  le  ,  t t l  |  
>  I  >  le  , t t l1  r f  the  n-1  roo ts  o f  o '  in

l " l  >  1  o ther  than on  are  indeed su f f i c ien t ly  we l l  approx imated by

6 1 ( ( 2 k r )  / ( n - r ) ) 1 / t  " * p  ( ( 2 k n i ) / ( n - 1 ) )  f o r  k  =  0 , 1 ,  . . . ,  n - 2 ,  w e  w o u l d  h a v e

l o s  w ( f  )  :. ,  ' n -
- r  n - 2

1 o B  0 n  +  n  
^  

. 1 ^  
t o e  1 6 , ( ( 2 k n ) i ( n - r ) ) l

-1  PT I
1 o g 3  +  ( 2 . r ) - '  I  t o t l e , ( t ) l  a t  , 3 S  n * 6 r

J 0

Thus,  we might  expec t

( 4 0 ) w ( f , . , )  +  s 3 - l e r l l

i l l e  sha11 g ive  a  cor rec t  p roo f  o f  (40) ,  fo l low ing  s l igh t ly  d i f fe ren t  l ines ,  wh ich

r e l i e s  o n  t h e  f o l l o w i n s  r e s u l t :

Theorem 2 .  Le t  P( r , ,2 )  be  a  po lynomia l  in  two var iab les  w i th  complex

c o e f f i c i e n t s .  T h e n ,  w r i t i n g  ,  =  " i t  , 6  =  " i T  ,  w e  h a v e

Pr r2n r2.n
( 4 1 )  l i m  

l ^  
l o s  l p ( r " , 2 1  l a t  =  1 2 t r ) - r  I  O .  I  r o *  l p ( e , r ) l  d t

n  +  @  , U  J 0  J 0



.) .)

P r o o f :  t v r i t e  P ( r , , 2 )  =  a o ( L )  r t  *  *  a r ( 6 )  =  " 0 G ) e  -  z r ( r , ) ) . . . ( z  -  z r ( r , ) ) ,

where  the  z .  a re  the  branches o f  the  a lgebra ic  func t ion  de f ined by  p(6 ,2)  =  6 .
J

whereas ,  by  Jensents  fo rmula ,

f L ,  s
( 4 s )  

l ^  t o r  l p ( e , r ) l  d t  =  2 r  ( r o g  l a o ( e ) l  *  
. i _  l o s *  l z , ( e ) l  )r 0  "  
, a r .  )

conpar ing  (4 r )  ,  (42)  and (43)  ,  we see tha t  i t  su f f i ces  to  show tha t

We have then

r2 t r  r2n
( 4 2 )  

I ^  
t o *  I n i z n , z ; l  d t  =  

l ^  t o r  l " o i z ' ) l  a t
J O  J 6

s 12t t
.  f  |  ,  r  .  f l . r+  L  I  t o g  l z  

-  z . l z - ) l  d t  ,
j = l  J 0  )

(44) 
,.,r1'* l 'on 

,o, | 'o {r') | at = 
Il ' 

r"* lao (e ) | ar ,

and 

r2tr r2tt
( 4 s )  l i m  

l ^  
t o s  l z  -  , r ( z n ) l  d t  =  

l ^  l o s *  l z r ( e ) l  a r
n  - >  6  i 0  t  l O

Equat ion  (44)  fo l lows f rom the  change o f  var iab le  r  =  n t .  To  prove (45) ,

1 e t  u s ,  f o r  c o n v e n i e n c e ,  w r i t e  g ( 6 )  =  z r ( e )  a n c i  t h e n

( 4 6 )  
f ' n r o : -  l " t t  -  g 1 " i t t ; l  a t  =  n  

t  
f 2 n t  r o s  l e i ' r / ' '  -  g 1 " i r ; 1  a r

J 6  J 6

l 2 n  (  - t  t ; l  
.  I  i -  )=  

I  
. { n ^  )  r o e l e x p i ( ( t * 2 k r ) / n )  - s ( e ' ' t ) l f  a ,

i 0  \  k = 0  )

Our  resu l t  i s  thus  reduced to  jus t i f y ing  the  in te rchangc o f  l im i t  and in tegra l

in  (46)  s ince  the  in tegrand in  the  r igh t  nember  o f  (46)  i s  a  R iemann sun

approxirnat ing an integral  whose value is the i .ntegrand in the r ight member

o f  (45) ,  as  one sees  by  app ly ing  Jensenrs  fo rmula .  To  jus t i f y  th is  in te rchange,
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w e  s h a l l  e x p a n d  r o g  l e i t  
-  * ( " i t ) l  i n t o  a  F o u r i e r  s e r i e s  j n  " i t  s o  t h a t

, ( r )  
" i n t  ,

m=-@

w h e r e ,  a s  w e  s e e  f r o m  t h e  T a y l o r  e x p a n s i o n  o f  l o g ( i - w ) ,  c O ( r )  -  1 o g *  l g ( " i t ) 1 ,

and _ +n

( 4 8 )  c - ( r )  =  -  
l * l  

- t s ( " i t ) 1 t  
o r  - l r l  

- 1  
g ( " i t )  ,n -

f o r  m  I  0 ,  w h e r e  t h e  s i g n  i s  s u c h  t h a t  l c * ( ' r ) l  =  e x p  { - l * l  c ' ( t ) }

We then f ind that

, n
( 4 s )  n - r  I  l o g  l e x p  i ( ( t  *  2 1 q r ) / n )  -  e ( " t r ) l

k = 1

r . - 1 n T=  co t r J  
, I *o  

cnn ( r )  e  '

so that  the desi red in terchange wi l l  be just i f ied i f

To  prove (50) ,  we use the  fac t  tha t  9 (6)  i s  a  b ranch o f  an  a lgebra ic

funct ion and hence in the neighbourhood of any point q0 i t  has a

c o n v e r g e n t  e x p a n s i o n  9 ( 6 )  =  g ( q ' )  *  a ( 1  -  C O ) o  +  . . .  ,  w h e r e  c l  i s

a rat ional number. l {e can divide [0,2n) into a f in i te nunber of subintervals

I  so  tha t  rn  each we have lg l  <  1  o r  lg l  >  I  w i th  equa l i t y  a t  one endpo in t

o n l v .  o r  e l s e  l r ' l  -  I  t h r o r r p h o u t  I .  W e  c a n  f u r t h e r  a s s u m e  t h a t  e i t h e rt b l

g '  I  0  th roughout  I  o r  e lse  g '  -  0  a t  one endpo in t  on ly .  We thus  can

w r i t e

( s  1 )

as  a  sum o f  in tegra ls  over  the  sub in te rva ls .  The cont r ibu t ions  to  (51)  o f

each te rm o f  th is  sum is  one o f  the  fo l low ins :

r  r2 r r  : * -  |
(50)  l im I  |  |  c * - ( t )  e r - ' r r  d r  |  =  o

u  |  |  m n -  -  |

n - + @  m l [  l J g  I

l L t l

|  ,  1T .  +mn  1mT
I  s ( e  )  e  d T
r 0



( i v )  I f  lg l  
=  I  th roughout  I  and g '  -  0  a t  an  endpo in t ,  change

var iab les  to  ob ta in  an  in tegra l  o f  the  type

I  l n m u l T  I  l m T

l e e d r ,
J 0

_ 2 4 _

( i )  o i 6 l m n l ; ' r . n  b < 1 , i f  l e l  , n - l  o r  l e l  : b  i n  r .

( i i )  I f  
le l  

=  f  a t  one endpo in t  on1y ,  change var iab les  so  th is  po in t

becomes T  =  0 ,  and we have a  cont r ibu t ion  o f  the  sor t

f '  ' ' r  
o ( r0 ) r l t " l  d t  -  o ( lmn l -1 /o " ,

. lo 
(1 - c 'r* + '

( i i i )  I f  l g l  
-  1  t h r o u g h o u t  I  a n d  g '  I  O  a t  a n y  p o i n t  i n  I ,

n o t e  t h a t  g ( e i r l  =  " i u ( t )  w h e r e  u  i s  r e a l - v a l u e d  a n d  u r  I  o .  I n t e g r a t i n g

b y  p a r t s  s i r o w s  s u c h  a n  i n t e r v a l  c o n t r i b u t e s  O ( | m n I - 1 l .

l v h e r e  u ( t ) = c r o * o ( t o )  a s  r + 0 + , a n d  o >  1 .  T h e i n t e g r a l o v e r

1  / ^ ,  1  l ^ ,

[ 0 , l n m l - " * ]  i s  0 ( l n m l - " * )  a n d  t h e  r e m a i n i n g  i n t e g r r a l  c a n  b e  t r e a t e d  a s

i n  ( i i i )  t o  o b t a i n  a n  e s t i m a t e  o ( m a x ( l n * i - 1 l o ,  l * l - 1 1 1 .  ( C o m p a r e  t h e

d i s c u s s i o n  o f  t h e  " n e t h o d  o f  s t a t i o n a r y  p h a s e "  i n  1 8 , p p . 5 1 - 5 6 ] ) .

Combin ing  ( i )  -  ( i v )  ,  we f ind  tha t  the  sum in  (50)  i s  O ( r ' r -2 )  i f  C '  (6 )

d o e s  n o t  v a n i s h  a t  a  p o i n t  w h e r e  l g ( e l l  =  r  ,  a n d  i s  o ( . , - 1 - t )  f o r  s o m e

0 <  c  <  1  o ther l i se .  Th is  comple tes  the  proo f .

Remark .  The above proo f  i s  admi t ted ly  qu i te  compl ica ted ,  and i t  i s  reasonab le

to  ask  fo r  a  s imp ler  p roo f  under  rnore  genera l  cond i t ions .  The fo l low ing  example

m a y b e i n s t r u c t i v e :  1 e t  c ( " i t )  - e x p l z k i t l  r o r  Q - 2 2 - \ n < t  <  ( 2 -  2 l - k ) r r ,

f o r  k  =  1 , 2 , . . .  .  T h e n  G  i s  c o n t i n u o u s  o n  t h e  c i r c l e  e x c e p t  a t  t  =  2 n .

; -  i +  i +  : -

L e t  F  ( e " ,  e ' " )  =  g  ( e ' " )  -  e ' t  T h e n
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bu t

. ) r
; - +  i +  1 .

I  t o g  l F ( " ' " ' , e , * ; l  d t  =  -  6  f o r  n  =  2 ^  ,  k  =  r , 2 , . . .  ,
r 0

a- ' )-
t L |  t L l l
I  L  t r  l f

I  d t  I  t o e  l P ( " ' " , e ' " ) l  d ' r  =  0  ,
J O  J O

theorem app l ied  to  the  inner  in tegra l .b y  J e n s e n r s

Coro l l jL ry  7 .  Le t  A /Q 6  2Q)  and 1e t  B ,C be  po lynomia ls  such tha t

l n ( r )  *  r t s ( r ) l  <  l o . { z )  *  " n c 1 " 1 l  f o r  l " l  
-  1  a n d  a l l  n  >  0 ,  w i t h  e q u a l i t y

at  a  f in i te  number of  po ints  at  most ,  in  each case.  Let

K ( z )  =  c ( z ) Q ( r - 1 )  -  B 1 z ) x 1 z - 7 )

L ( z )  =  Q ( z ) Q  ( t - I )  -  A ( z ) A  ( r - I )  +  C ( z ) C  ( " - I )  -  B ( z ) S ( r - 1 )

N ( z )  =  ( L  *  ( L 2  -  4 l K l ' ) t / ' ) / ,

I f  f -  =  (R  *  zng ) / (Q  *  , t c ; ,  t h " r t
n

( s 2 ) I im w(f , . , )  = 9(*)
n + 6

^ 1

Proo f :  Wr i te  R" ( r )  =  A(z - ' )  fo r  po lynomia l  A  From Theorem I ,  w( f r " , )

is the geometr ic mean of 0r,  = , t  l r ,  ,  where

f r . , (z )  =  (Q *  , t c )  (Qo *  , - t co)  -  (R  *  zng)  (Ao *  , - tBo)

n - n n
= Z K + L + Z K

, n n ,
S ince  l q  *  z "C  l  t  I n  *  z "B l  on  l t l  =  1 ,  we  kno rv  tha t  f r ,  >

l r l  
-  1  I f  z  = exp(2nic l )  lv i th  o i r ra t ional  we can choose n so that

, n

l z "K (z )  -  l r cC t l  I  I  .  .  and  hence  we  rnus t  have  t ,  >  z l r l  f o r  such  z ,  hence

for  a1L l r l  =  t ,  by cont inu i ty .  Accord ing to  Theorern 2,  and Fubin i ts  theorem,



1 L

1 i m
n - ) @

& , n ,
.1- 1l l ' J

( .  r 2 ' r  .  r 2 ' r
=  exp  J  *  | . -  o .  +  l ' "  los  le r  *  L  *  e - lKo l  d t  ]

r 0  J 0  )

Eva lua t ing  the  inner  in tegra l  by  Jensenrs  fo rmula ,  we ob ta in  (s2) ,  s ince

the  above d iscuss ion  shows tha t  the  modu lus  o f  the  la rqer  zero  o f

e ' K *  6 L + K " = 0  i s  N / l K l .

E x a m p l e s :  1 .  R e t u r n i n g  t o  t h e  e x a n p l e  f n =  I / ( L  -  3 z  *  r n )  r v e  h a v e

K ( z )  - 1  - 3 2 - 7  , L ( z )  =  ( 1  - 3 2 ) 1 t - s z - I )  a n d h e n c e , o n  l t l  = 1 ,

)  . .  )  _ 1
L '  -  4 l r l -  =  L '  -  4 L  =  3 L ( 1 - z ) ( r - z - ' ) .  u s i n g  ( 1 9 ) ,  w e  c a n  e s t i m a t e

& t r t *  ( L 2  -  a l r l t ) t / ' ) / 2 j >  { r t l t ,  * { 6 ; - o - z ) ( r - z - t ) ) ' / ' / ,

=  ( 9  +  3 t r r / 2  >  7 . 0 9 8

Thus l im w( f r r )  >  7  and hence w( f r . , )  >  7  except  fo r  a  f in i te  se t  o f
n + @

va lues .  F lowever ,  Lenma 5  shows tha t  l im sup h( fn )  <

T h u s ,  i t  i s  n o t  t r u e  i n  g e n e r a l  t h a t  h ( f )  =  [ w ( f ) ]  f o r  f  €e ,  a s  o n e

might  have hoped.

2 .  W e  h a v e  s e e n  t h a t  w ( 2 )  =  w ( ( l - z ) /  ( I - 2 2 ) )  =  ( 3  +  / { ) / 2  a n d  t h u s

tha t  rv (2 )  -  7 /w(2)  =  I  >  2  Lemrna 4  thus  does  no t  ru te  ou t  the

poss ib i l i t y  tha t  l im w( f r " , )  >  2  fo r  some sequence f .  tend ing  to

( r - z ) /  ( r - 2 2 )  s o  p o s s i b l y  t h e r e  m i g h t  b e  e  <  2  w i t h  w ( 0 )  >  2 .  w e  s h a l l

show tha t  th is  i s  no t  the  case.  Arnara  [1 ]  has  de termined a l l  0  € s (1 )

w i th  e  <  2  and a l l  assoc ia ted  f  € e (1 )  ,  so  j - t  i s  on ly  necessary  to

examine these f ,  which are:

f o  =  ( 1  *  "  -  1 2  -  " 3 ) / ( t  -  z  -  2 " 2  *  " 4 1  ,

f r  -  =  1 t  -  zn -2111 t  -  2z  *  zn )  ,  r  )  j  ,
r  ,  r r
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, r , n  =  ( 1  - z ) ( r - " n - ' ) / ( r - 2 2 * z n )  ,  i l ) _ S  ,

g l , n  =  ( 1  - z + z \ / ( r - 2 2 + " n - " n * l )  ,  n > 2  ,

E 2 , n  =  ( 1  - r n - r * r n ) / 1 - 2 2 * z n  - r t * 1 )  ,  n > 2  ,

g j , ^  =  ( 1  - z ) ( r * r n ) / ( t - 2 2 + r n - r n * r )  ,  n > 2

I t ie  f ind ,  us ing  Theorem l ,  tha t

w ( f o )  =  3 t 1 t - " 2 * " 4 1 ' )  -  1

r ( f r , r , )  =  2 (  1 1  -  " l 2 l r  -  r n - t l 2  )  =  l

r ( f 2 , r , )  =  & ( 1 ,  -  " " - ' l ' )  -  1  ,

and

w ( e r , n ) - w ( B z , r , ) =  * - f  l t - " ] ' l t - t n - r l 2 )  
-  1  ,

leav inq  on ly  s . -  fo r  wh ich  we f ind- J , I )

a -  =  r 2 n ( r - " - r ) - " n ( " - 3 * " - r )  + ( 1  - z ) ,
n

and hence tha t  t , t1e i t l  in  Coro l la ry  5  i s  g iven  by

Thus,  we have

o  ( z  ( r / 5  )
l i m  w ( e = . r r )  =  J ( l ' J )  =  e x p  j ;  

|  
-  1 o s ( 2  s i n ( t / 2 ) )  , t t f  ,

n  - +  6  ( "  J 0  )

117
where  rve  have used the  we l l  known fac t  tha t  I  fog(2  s in ( t /2 ) )  d t  =  0

J 0

to  show tha t  the  in tegra ls  o f  1og N over  l0 , r /31  and l r /3 , r1  a re  equa1.

The in tegra l  can  be  eva lua ted  by  se t t ing  u  =  2  s in ( t /2 )  to  ob ta in

r

i ' t 1 e ' " )  =  
|  I / 2 s t n ( t / 2 )  i f  l t l  :  r / 3
l
1
|  2 s i n ( t / 2 )  i f  r / 3 <  r  <  r
t -
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I,( -  1 o g
)  - 1  l )

u )  ( I  -  u ' / a )  
' '  "  

d u
I  l  l a l

I  l - L l  L l
= ) l  Iu t m l

m = 0 \  
"  )

( - 1 l 4 ) t ' .
2m

r.og uJ u cluI. (-
_ i- L

m=0

-9 tn' .
6a- \1r J

?
r  -  u  / 4

have

t r  .  |  \_  z  +  r l )

( - 1 l 4 ) t n  ( 2 n  +  r ) - 2 1 . 0 1 4 9 4 i 6 0 6

f,(n) .

u ) ( 1  -  u

>  2 .  B y

that no

1)  and

(  - t t  z )
I I

I  r n j

1  . 9 0 8 1

> 1

rvhich gives

be seen f rom

As in

Thus,  a t  most  a  f in i te  number  o f

es t imates  as  in  the  proo f  o f  Theorem

For, we can factot 0r,  = 1zn - z

4 r l o  ) t  -  4  r t -  n  . t , 2
u a I l \ r n l J  =  d ( l z "  -  z  +  I l ) -  \ o w

- r i t
I o g  l e

where  ,  f o r  m  I  0 ,

I

1 c ' n ( t )  |  =

i r
e * -  *  1 l

2  c o u l d  a l s o

' ) - t / 2 d u  = ( n  1 o g  2 ) / 2 .

making careful

s u c h  n  e x i s t .

hence we have

( z l * l ) - 1 1 2  " o ,  ( r / 2 ) r - l t l  i f  l t  |  .  z n / s

( z l , n l ) - 1 1 2  . o r ( . / z ) ) l * l  i f  2 r / 3  <  l t l

.  l L t l
- l  |  +  ,  r T ,-  ( 2 r )  
^  

I  l o s  l 1  +  e t ' l d r
J n

The fact that

r 1
a n d  |  ( - l o e

J 6

w  ( s -  I  a r e- " 5 r i l -

2 ,  w e  s h a 1 1  s h o w

. . ,  n  n - l+  L ) l z  -  z  +

rve can wri te

:
=  

)  c * ( t )  e
m  = - o

4 5 6 2 7

2- u

imt
t

< T

( 4 9 ) ,  w e

b g  { 1 "

We have

t l T- r  
I  l c  ( t ) l
|  '  m n -  - '
' -11

taking m > 0

, 1
l ^  m
I  u  ( I - u
r 0

ml0

the fo l lorv ing est ima

rT

I  f ,  c o s  ( r / 2 )  ) m
t  2 n / 3

(  ) * \

L g 5  r

A -
g L

d'r

)  - 1  / )' / 4 )  - '  -  
d u

1 1
< Q//, I u

J 6

m
ou

A L  s o

(2/ /-, t.-r



I f  w e  d i v i d e  t h e  i n t e g r a l  o n  t h e  r i g h t  i n t o  t w o  i n t e g r a l s  o v e r  [ 0 , c ]  ,  [ c , 1 ] ,

where  c  =  12m11/m -  t  ,  and  es t imate  each in  the  obv ious  nanner ,  we f ind

tha t  the  in tegra l  in  (54)  i s  bounded by

2  ^ - r  ( 4  -  ( z ^ ) 2 / * ) - r / 2  {  1 z m ; l / m  1 r  -  r / 2 n )  +  2  -  ( z m ; l / m  }-  r '   )

, 2 r / 3  r 1  |  ^  t . - I / 2

( s 4 )  |  f ,  c o s ( r / 2 ) ) - ' d .  =  |  ( 1  +  u ) - ' l t  -  1 t * u 1 t 1 + l  d u
J g  j g  t  J

-r  1tr  ?
( 2 " ) - ' l  l c . ( ' r ) l  d r  < . 6 1 5 0 m - '  f o r l m l  > t o ,

r  l l l

- 2 9 -

I  4  * - 1  ( 4  -  ( 2 i l 2 / \ - r / 2  , :  2 . 7 0 9 5  m - 1  ,  i f  m  >  1 0

Thus,  we ob ta in

and hence that the error in (53) is bounded by

[  . o r s o  ̂ - 2 n - 2  -  ( r 2 / s ) ( . 6 1 5 0 )  n - 2  =  1 . 0 2 3 3  n - 2  f o r  n  >  1 0 .
m l 0

Th is  su f f i ces  to  show tha t  w(gr , r " , )  <  2  fo r  n  >  10  ,  and in  fac t  to  show

that
m a x  w ( e r , r , )  =  r v ( g 3 , 5 )  =  1 . 9 8 7 7 3 8 2 6 7  ,

n

s o t h a t  w ( 0 )  f o r  0 < 2  a t . t a i n s a m a x i r n u m  f o r  0 = 1 " ! 6 7 1 r i 8 2 1 3 , t h e

l a r o e s t  t o n t  o F  I  -  2 ' z  +  t S  -  " 6  w i t h

w ( 0 )  =  w ( ( 1  -  z  +  = 5  -  t 6 ) / 0  -  2 z  *  z 5  -  , 5 J l

t, . l! g__9_g_tf,v=g_ r "!:_e J__ q .

Accord ing  to  Coro l la ry  6  and Lemma 1 ,  i f  0  i s  the  ra t iona l  in teger  k ,

a

we have h (k) <

fo l lows by  app ly ing  Rouchers  theorem to  the  po lynomia l



-  30 -

tnr * * , tk-ll - k z +

T h i s  h a s  a  s i n g l e  r o o t  i n  l r l  4  1 ,

k  -  1  parameters ,  each o f  wh ich  can

- 1
l im i t  be ing  k  :  We suspec t  tha t

unable to show this.  I {e do have the

m o s t  p e s s i m i s t i c  g u e s s ,  h ( k )  =  k ,

say

tend to @ independent ly,  the ul t imate

. 2
h(k )  -  k -  i s  cor rec t ,  bu t  have been

fo l low ing  wh ich  a t  leas t  shows tha t  the

is  no t  cor rec t  fo r  la rge  k .

I /  0^  _  wh ich  depends on
D t  , .  . .  r i l 1 -  . 1

r  ^ -  a

Theorem 3 .  For  e  =  k a  ra t iona l  in teger ,

( ss  )

where o r  =  r /Qn  -  D  >  r /2

1im inf  (min

L e t  P  ( a , b  , c ; z )  =  " ^  *

.  I n  pa r t i cu la r  ,

r h \
t  t , . . , 7h )  >  2a  >  I

P r o o f :
b  a + c  b + c

z + z - z f n r  i n f 6 d a r  a  h* r - r c

- t l
T h e n ,  f o r  l z l  =  1 ,

l n 1 a , u , c ; d l 2  = l t u  * r o l ' *  ( " t * r - t ) ( " ^ - b  - t b - u ) * 1 " ^  - t b l 2  ,  8 ,

combin ing  the  f i rs t  and las t  te rms and us ing  the  para l le logram 1aw.  Thus ,

i f  9 . - r  >

then the  fo l low ing  po lynomia l  has  exac t ly  one zero  in  l z l  .  f t

|  -  9 " 2  +  P ( n 1  , n 2 , n 3 ; z )  +  . . .  *  P ( n S * _ 2 , f l 3 n _ 1 , n 3 m ; z )

Th is  shows tha t  ! ,  € S(St )  s ince

s u i t a b l e  o r d e r ,  ( i . e .  1 1  ,  n 2

r ^ r c  h r r r c  I  c t  n  - >  @  O f  e l s e" 3

W e  c a n  s p e c i a l i z "  n j i * l  =

a polynomial which shows that

w e  m a y  1 e t  n l  , . . . ,  D S m

no t  bo th  be  a l l owed  to

t ' l ose r t  t he  pa rame te r  a3

f o r  f .  i .  j ,  w h e r e

tend to  *  in  a

tend to  -  un t i l

) .

j < n  a n d o b t a i n

g - 1  >  2 / T  n

may

I

k = . Q , -  j  e  t ( 3 m - j )  i r
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The nos t  favourab le  cho ice  o f

v  -  l  :  f ' > . / i  l l m  n r  a l q eA  
-  

L  2  
\ L V L  

-  L ) , . .  ,  - -

( 2 / 2  -  7 ) n .  T h e s e  c o r n b i n e  t o  g i v e  ( 5 5 ) .

R e m a r k s .  1 .

^  (2m)
m  o r \ / ] n g  v  ?  5 '" '  t

.  -  ^ ( 2 m + I )  . ^
, g l v l n g  K e b  l f

i f; ^  :  -

j = m - 1

f o r  1 2 < k

e . s .  h ( 2 3 )

F o r  3 < k <

L L  f  L  t < r v E 5

2 4 .

|  |  I  h a n ? a m
f  r ,

L f t , ' \  r  l .
r r L ^ J  /  A

4  g ives  on ly

and for larger

h ( k )  >  k  *  1  ,  b u t

k  w e  h a v e  h ( k )  >  k

2 .  T h e r e  i s

in  the  fo l low ing

and n/q e B(h)

a s s o c i a t e d  w i t h

fo r  a  f in i te  se t  o f  n

f o r  c e r t a i n  I  i n  t h e

whether  n  i s  one o f

a  poss ib i l i t y  o f  ob ta in ing  improved upper

way:  Grandet -Hugot  19 ,p .241 s ta tes  tha t

bounds on  h  (0 )

r L \

i f  O  € S \ , . /

i f  0 € S  i s
n

r h - 1 )
S ' "  

- '  
.  S i n c e

is  the  assoc ia ted  ra t iona l  func t ion ,  and

the  po lynorn ia l  Q(z)  *  tn1 .1 t l  ,  then  0_  €

z f  sG) is  associated wi th -  2 z  =  ( I  -  3 z )  *  z ( 1 ) ,  t h i s  w o u l d  a p p e a r

t o  s h o w  t h a t  h ( 1 / ( 1 - 3 2 ) )  <  3 .  H o w e v e r ,  t h e  r e s u l t  i n  q u e s t i o n  m a y  f a i l

cor respond ing  to  va lues  fo r  wh ich  , tB ,  *  C I  =  0 ,

3. We conclude by sholving that

shows tha t  h (3)  >  3 .  l {e  ca lcu la te

Theorem 1 .  To  prove tha t  f  € e (3 )

where

. Since we do not knolv a pr ior i

cannot  d ra lv  the  des i red  conc lus ion .

h ( 2 /  ( I - 3 2 ) )  =  w ( 2 /  ( 7 - 3 2 ) )  =  3 ,  w h i c h

?
A  -  -  3 ( I - z ) -  s o  t h a t  w ( f )  =  J  b y

i t  su f f i ces  to  show tha t  , r , ra  e ( l )

n o t a t i o n  o f  [ 9 ]

f h e s e  r l a l r r o q  r ^ r a
v  s ^ s v J ,  r r v

( s 6 )

Th is  can

h o n i  n  h . r

Accord ing

2  -  z n 1 1 * 2 1  *  , ^ ( r - r )  -  , m + n + l  1 - z )
f  ( z )  =

f i ' l '  
'

be  ver i f ied  d i rec t l y ,  bu t  we sha l l  show how i t  was  der ived .  We

seek ing  C/D wh ich  d i f fe r  f rom A/Q in  the  n th  coef f i c ien t .

t o  [ 9 , p p . 9 - I 2 ) ,  t h e s e  a l l  h a v e  t h e  f o r m
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(AU +  rn*1Qov) /  (QU *  r t * lAov ;

where  V,U are  po lynomia ls  w i th  in teger  coef f i c ien ts  wh ich  sa t is fy

l v / u | . 1  o n  l " l  
-  1 ,  a n d w e h a v e w r i t t e n  n o ( r )  = A ( r - 1 ) ,  Q o ( r )  = Q ( z - l ) .

The po lynorn ia ls  C,D may have a  common fac tor ,  bu t  th is  must  be  a  fac to r  o f

A  T h e  e a s i e s t  c a s e  t o  h a n d l e  i s  V / U  h o l o m o r p h i c  i n  l z l t  t ,  s i n c e  t h i s

automatical ly ensures the correct number of zeros of D in l r l  < 1 I{e

n u s t  h a v e  U ( 0 )  |  O C O I  ,  a n d  U ( 0 )  =  1  i s  e a s i l y  s e e n  t o  b e  o f  n o  v a l u e  h e r e ,

so  rve  t ry  U(0)  -  3 .  We f ind  tha t  the  cho ice  U =  3  -  2 "n*1  ,  V  =  1  nakes

( 1  -  3 z ) U  *  2 " n * 1 v  d i v i s i b l e  b y  3  L e t t i n g  C r  =  C / 3  a n d .  D ,  =  D / 3  w e

n  -  , n + 1  ,  D l  =  r  -  3 z  *  2 r n * 2  a n d  Q ( c l , D l )  =

- 2  . .  n + 1 . 2
2 ( l - z )  

-  
( 1  -  z "  

- )  -  
,  u s i n g  a n  o b v i o u s  n o t a t i o n .  H e n c e  w  ( C ' D r )  =  2 .

o b s e r v e  t h a t  C l ( 1 )  =  D r ( 1 )  =  0  ;  h o w e v e r  i t  i s  u n n e c e s s a r y  t o  d i v i d e  b y

( I  -  z ) ,  a n d  i t  a v o i d s  c o m p l i c a t i o n s  i f  w e  d o  n o t .

m + n + ?  n  m + n + ?  n

l Jo tv  we seek  E/F  =  (UtCt  +  z " '  
"  -n iv f  

) /  (U iDt  +  z t ' !  
" ' 'C iV f  

)  ,  where  any

comnon fac to r  o f  E  and F  d iv ides  Q(C ' ,D1) .  The cho ice  U -  )  -  , f r * \
1 - u '

\ t ,  =  1  makes E =  F  =  0  (nod 2) .  D iv id ing and F by the

2 ( I - z )  p r o d u c e s  f r n . r ,  =  C 2 / D 2  o f  ( 5 6 )  w i t h  Q ( C 2 , D 2 )  =  ( 1

common factor

n + I - 2  . .  m + 1 . 2
z ) [ r - z )
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